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Exercise 7

Repeat Exercise 6 for the damped wave equation uy = c?ugs — rug + g(z) sinwt, where r is a
positive constant.

Solution

The damped wave equation is subject to homogeneous initial and boundary conditions.

U = gy — Tup + g(x)sinwt, O0<z<l, t>0
u(0,t) =0 wu(l,t)=0
u(z,0) =0 u(z,0) =0.

Since the PDE is linear and inhomogeneous, we choose to apply the method of eigenfunction
expansion to solve it. Consider the eigenvalue problem of the differential operator involving the

spatial variable x
d2
6= (1)

with the same boundary conditions as wu.

0

0

Values of A\ for which the boundary conditions are satisfied are known as the eigenvalues, and the
nontrivial solutions associated with them are called the eigenfunctions. Equation (1) is known as

the one-dimensional Helmholtz equation; the eigenfunctions for it are known to be orthogonal and

form a complete set, which will prove useful later.

Determination of Positive Eigenvalues: \ = ;2

Suppose that A is positive. Then equation (1) becomes

¢
&z e

Its solution can be written in terms of hyperbolic sine and hyperbolic cosine.
¢(z) = Cy cosh px + Cy sinh ux
Apply the boundary conditions to determine C and Cos.

»(0)=C1 =0
(1) = Cy cosh ul + Cysinh pul = 0
Since C'y = 0, the second equation reduces to Cy sinh ul = 0. Hyperbolic sine is not oscillatory, so

the only way this equation is satisfied is if C'y, = 0. The trivial solution is obtained, so there are no
positive eigenvalues.
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Determination of the Zero Eigenvalue: A =0

Suppose that A is zero. Then equation (1) becomes
d%¢ B
de?
The general solution is obtained by integrating both sides with respect to x twice.
¢(x) = Csx + Cy
Apply the boundary conditions to determine C3 and Cjy.
$(0)=Cs=0
p()=C31+Cy =0

Since C4 = 0, the second equation reduces to C3 = 0. The trivial solution is obtained, so zero is
not an eigenvalue.

Determination of Negative Eigenvalues: A\ = —v?

Suppose that A is negative. Then equation (1) becomes

2
% = —7%¢.
Its solution can be written in terms of sine and cosine.

¢(x) = C5cosyx + Cg sinyz
Apply the boundary conditions to determine C5 and Cs.

¢(0) =C5 =0
o(l) = Cscosyl + Cgsinyl =0

Since Cs = 0, the second equation reduces to Cgsin~yl = 0. To avoid getting the trivial solution,
we insist that Cg # 0. Then

sinyl =0
Yl=nm, n=12...

'yn:?, n=12,....

The eigenfunctions associated with these eigenvalues for A\ are

¢(.%') =Cs sinyr  — ¢n(x) = sin T, n=12,....
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Method 1 - Using Term-by-Term Differentiation

The eigenfunctions of the Helmholtz equation form a complete set, so the unknown function u can
be expanded in terms of them.

> . nwx

Z an(t) sin —

n=1

To determine the generalized Fourier coefficients ay,(t), substitute this expansion into the PDE.

Uy = czum —ruy + g(z) sinwt

9? &

Pyl an(t)sing 8 =5 g an(t sinnlﬂ—r—g an(t sm——kg( ) sinwt
x

n=1

Because u satisfies homogeneous boundary conditions and u, du/0x, and du/0t are continuous
(reasonable assumptions for the displacement of a homogeneous elastic string), the three series
can in fact be differentiated term by term.

oo
d? d
dta?n sin @ ¢ E an(t sin w — E an sin o~ 4 g(x)sinwt

n=1

The operator applied to the eigenfunction is equal to the eigenvalue times the eigenfunction.

d?a,, nwe 9 nwx = day, nwT
sin— =¢ a /\ sin—— —r — sin —— ) sin wt
a2 Z n l x 9@

n=1 n=
Bring all series to the left side and combine them.
oo
d? d
Z [dta; + T% - 62)\n(ln(t):| sin nlﬂ = g(z) sinwt

n=1

The left side is essentially a Fourier sine series expansion of g(z)sinwt. To solve for the term in
square brackets, multiply both sides by sin(mma/l), where m is an integer,

i day 4ol 2y o (#)] sin T sin T — g(a) sin o sinwt
dt?2 dt nn l Y :

n=1
and then integrate both sides with respect to x from 0 to I.

2 l
/ [d n r% - 02)\nan(t)] sin nlﬂ sin m;rx dx = / g(z) sin mry
0

2 sin wt dx

g(x) is assumed not to be orthogonal to sin(mma/l) so that the integral on the right side is
nonzero. Bring the functions of ¢ in front of the integrals.

o d2 n da, l l
Zl [d; + T% — CQAnan(t)] /0 sin ”lﬂ sin m;rx dx = sinwt/o g(x)sin @ dx

n—

Since the eigenfunctions are orthogonal, the integral on the left side is zero if n # m. As a result,
every term in the infinite series vanishes except for one: n = m.

d2 n da, l l
[ dta? + T‘% — CQAnan(t)} /0 sin? nlﬂ de = Sinwt/O g(z) sin ? dz
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Evaluate the integral on the left side.

d*ay, | day, l :
T;LZ + r% - 02)\nan(t)] 5= Sinwt/o g(z) sin nlﬂ dz
Multiply both sides by 2/1 and replace ), with —(nx/l)2.

d2 d 2.2 2 ¢
an an Iy oMM ay, = [Z/ g(x) Sinn;mda:} sin wt
0

a " ar 12
With the help of the method of eigenfunction expansion, the PDE has been reduced to a
second-order inhomogeneous ODE. Because the ODE is linear, the general solution is the sum of
a complementary solution and a particular solution.

Ap = Qe + ap
The complementary solution satisfies the associated homogeneous equation.

d2a, da. 9 n2r2

+r c a. =10
dt? a TCTE
Since the coefficients are constant, the solution is of the form a. = eP!. Take two derivatives of it
dac d*a
ac=e" - —C=pet o —L=pl
¢ a 7 az P

and substitute these expressions into the equation to find p.

2.2

n-m
p2ePt + rpeft + 02712 e’ =0

n?m?
pr+rpt+ct——=0
l
2’71'
—rx 4 2n12 ro 1/, ome \ 2
p= ——+ = — | —n
2 2 2 l
Depending on how large the damping parameter r is, p can either be real or complex.
2 l
Case I: r= iCn or n= LS = L (repeated)
l 2me 2
2 l 2
Case II: r > En or n < LS = —n
l 2me l

2me rl ro1 ore \?
III: — — S it _
Case r < ] n or n > e = P 5 + 5 ( i n>

The solution thus has three possible forms.
Case I a, (t) = exp (—7t> (C7 + Cist)

r t ore \? t ore \?
Case II:  a.,(t) = exp (—§t> Cy cosh B r? — <Zn> + C1p sinh 3 r2 — <ln>

r t 21me \? . t 21 \?
Case III:  a.,(t) = exp (—§t> (11 cos 3 Tn — 72| + Cigsin 3 Tn —
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Note that in any case, because of e~"*/2, a.(t) tends to zero as t — oo. Since the inhomogeneous
term is sine and there are odd derivatives, the particular solution is of the form
ap = C13 coswt + Cysinwt. Take two derivatives of it

d
ap = Ciz3coswt + Ciysinwt  — % = w(—Cizsinwt + Cp4coswt)
d’a
dtzp = w2(—C’13 coswt — Chysinwt)

and substitute these expressions into the ODE to find Ci3 and C1y.

dzap day 2n27r2 2 rl . nTx .
= —Hﬂﬁ_'_c o = l/og(x)smldx sin wt

An?n2013 + wi?(Crr — Cr3w) An?n?01y — wi?(Crar + Craw)
coswt +

12 12

sin wt

2 l
= L/ g(at)sinnlﬂd:c sin wt
0

Match the coefficients of sine and cosine in order to obtain a system of equations for the constants.

02n27r2013 + le(CMT’ — 0130.))

2 =0
An2n2Cyy — wl2(0137“ + Cryw) 2 /l . NTIT
=- [ g(x)sin — dz
12 L Jo l
Solving the system yields
2rwl? ! . NTT
Cis =~ 5 37 T (W22 — 2n2n2)2 /0 g(z)sin ——dz
2(w?1? — 2n’n?) ! . NI
Cuu=-5-n T (W22 — 2n2n2)2 /0 g(x)sin — .

Hence, the general solution a,, in each of the three cases is (i = 1,2,3)

2rwl? cos wt ! . nTX
0 (0) = 000) = e o [ o@)sin T o

2(w? — An’n?)sinwt [ (2) si nre
- x)sin — dz
r2w2l* + (w?l? — 2n272)? J, g l
2[c*n’n? sinwt — wi?(r coswt + wsinwt)] [* . nwT
g(x) sin — dx.
120204 + (W22 — 2n272)2 0

= aci (t) + l

Use the initial conditions for u in combination with the eigenfunction expansion to determine
those for a,,.

> nm
u(x,0) = ;an(()) sin —— = 0 = an(0) =0
> day, nwx day,
up(2,0) =Y —"(0)sin —= =0 = —2(0)=0
ot dt l dt
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Apply them both to obtain a system of equations for Cv, Cs, Cy, Cig, C11, and Cis.

2rwl3

an, (0) = C7 — 2§ (22— Enil) /Olg(x) sin nlﬂ dr =0
ap,(0) =0 — an,(0) = Cy — T (ig;;lg_ R /Ol g(x)sin nlﬂ dr =0
\ ang(0) = C11 — ST (f;(;l:%_ i) /Ol g(x)sin @ dr =0
()« o )
om0 o oo Qe () G | s e
s o () e B e

Solving this system yields the following.

2rwl? l . nrx wl[2(w?1? — 2nn?) + 1212 L . nrwx
Cr= 120204 + (W22 — 2n272)2 /0 g(x) sin N dz Cs = 120208 1 (w212 — 2n2n?)2 /0 g(x)sin e dx

2rwli? ! . nTx
Co = r2w2l4 + (w212 — ?n272)? /0 g(w)sin l dr

2rwl3 nwx

I
Cu = P22 1 (W22 — 2n2n?)2 /0 g(x)sin -

2wI2[2(w?1? — *n27?) + r2? !

Cio =
[2w2l* + (w212 — 2n272)2)V/ 1212 — 4c2n2m?
o 2wI2[2(w?? — 2n27?) + r2i?

12 =

[r2w214 + (w212 — 2n272)2)V/4Ac2n2n? — r2]2

g(x)sin nlﬂ dx

l
g(z) sin ”lﬂ dx

The solution for u is known now that all the constants are determined. Depending on the magnitude of the ratio rl/(2wc) and whether
it is a positive integer or not, a,, (t) and a,,(t) may or may not be a part of the solution. Therefore,

S5 any () sin 252 oL <1
) S g ) O () $in 252ty + 3000y @ny (1) sin 25 if e = 1
u(z,t) = Za sin —— = T . o7l ! :
' — " l ZT;K#;C Oy () sin 272 + ZZ%QKOO Oy () sin 272 if == >1and - ¢ Z*

Z;’;K% Oy (1) sin 7% 4 ay, (1) sin”lﬂ‘n:%C + ZZ%QKOO Qg (t) sin 272 if L

2me

rl +
>land 5 - €Z
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Plugging in all the constants and simplifying, the explicit formulas for a,, (t), an,(t), and an,(t) are therefore

n t) = i
a 1() (4&)2-}-?”2)2 Xl

e*%t[rw(rt +4) + 4tw3] — drwcoswt — (4w? —r?)sinwt 8 /l g(x)sin ; dx
0 C

r

{le; {rwl r212 — 4c?n?n? cosh (%\/ r2l? — 402n27r2) + w[2(w?? — ?n?7?) + r2?] sinh <%\/m> }

any (t) = [r2w214 + (w212 — 2n272)2)V/7212 — 4c2n?7?
n’n?sinwt — wi?(r cos wt + wsinwt) 91 ! ()i niz
r2w2l4 + (w212 — 2n2n2)2 0 glr) s == ax
le=% {rwl 4c?n?m? — r2l2 cos (%\/W) + w[2(w?? — n?7?) + r??] sin (%m)}
ang(t) = { [r2w214 4 (w212 — 2n272)2]V/4c2n2n2 — 122

n’n?sinwt — wi?(r cos wt + wsinwt) ! nwx
x 2l | g(z)
0

r2024 + (w2l2 _ C2TL27T2)2

No resonance occurs because the solutions do not blow up or grow in time. Note that r21? # 4c¢?n?7? in an, (t) and a,,(t).

sin e dz.
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Method 2 - Without Using Term-by-Term Differentiation

The eigenfunctions of the Helmholtz equation are known to form a complete set, so all of the
functions in the PDE can be expanded in terms of them.

n=1

0? =

55 = 2 Buahsula) —
n=1

0%u n;1

O =Y Eut)onle)
n=1

=S Bon()

9%u

wqﬁm =

— Uy = Z Apbndm

> Bubndm
n=1

g(m) SinWthm = Z Dn¢n¢m

u
@(ﬁm

Ou

t ¢m = Z Fn¢n¢m
n=1

n=1

= Z En¢n¢m
n=1

—

l l
/ uqbndx:An/ ¢2 de = A,
0

82

0

l
t2¢nd:n Bn/qbid:c:B
0

l l
Sinwt/ gondr = Dy, ¢31 dr =D
0

l
/ o 2¢nda:_En/ $2dr=F

gbnda:— /qﬁndaj—

It should be emphasized that these are generalized Fourier series expansions for the functions, not
product solutions that come about from using the method of separation of variables. Solve the
latter equations for the generalized Fourier coefficients.

l
Ap(t) = ?/0 upy, dz

82
Bn(t) = 0 2 ¢n

l

82
B =2 [ O o=

L ou

) =2 [ % de =

1), ot

d2
~in (

mm=2mmﬁg@%m

< an_
0
H,_/

a
dt

(i

2
z

=0

! dAy,
/()ugbndx) =7

! 2
/ Uy, dm) = @Ay
0

dt?

| [fouds, )
Ooxr dx v =

Apply integration by parts once more in order to write F,, in terms of A,.
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Now that the coefficients are known, substitute the eigenfunction expansions into the PDE.

Ut = gy — TUL + g(z) sinwt

Y Bult)du(z) =) En(t)dn(z) =1 Y Fa(t)du(a) + Y Dult)én(z)
n=1 n=1 n=1 n=1

Y Bult)dn(z) = ) _[En(t) = rFa(t) + Da(t)]én(x)
n=1

n=1

Thus,
By (t) = 2E,(t) — rF,(t) + Dy(t).

Substitute the formulas for B,,, E,, and D, to obtain an ODE for A,, exclusively.

d?A,, 9 n2m? dA, 2sinwt [!
75 — 7An - n
i ¢ T + i /0 g(x)pp dx

Bring the terms with A, to the left side and replace ¢,, with sin(nmx/l).

d*A, | dA 272 2 (!
2 . dtn +Cznl§ A, = [l/o g(x) sinmlmcdx} sin wt

This is the same ODE that was obtained for a, in Method 1. The initial conditions are also the
same as before, so A, (t) = a,(t). Therefore, the same function for u is obtained.
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